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Motivation

● Machine Learning can model real world phenomena such as climate, chemistry, fluid dynamics.

● However, they fail to maintain consistency with physical laws or have many optimization issues.

● Transfer and distillation of Physical models are understudied.

Greydanus et al., Hamiltonian Neural Networks, NeurIPS 2019
Wang et al., When and why pinns fail to train: A neural tangent kernel perspective. J. of Comp. Physics, 2022



The Problem

We model physical systems described by Ordinary Differential Equations (ODEs)

or Partial Differential Equations (PDEs)



Classical Methods

● Rely on discretizations in time and in space with a pre-determined mesh.

● Strong theoretical guarantees on convergence as the mesh becomes finer.

● Slow at inference as they need to recalculate the solution or interpolate.

● Do not work out of distribution without re-initialization.



Related Works

● Classical methods: convergence guarantees but slow at inference and do not work OOD.

● NeuralODEs: require external solvers and lose consistency over time.

● Hamiltonian NNs: can be applied only on certain problems.

● PINNs: impose the equations as targets but hard to optimize.

Greydanus et al., Hamiltonian Neural Networks, NeurIPS 2019
Wang et al., When and why pinns fail to train: A neural tangent kernel perspective. J. of Comp. Physics, 2022



● Given a set of coordinates            and the solution at those points                                    , 

there are (infinitely) many curves that interpolate them. Only one is true.

● In ODEs, the IC and the definition of the derivatives uniquely determine the trajectory.



Our solution: DERL

● In ODEs, the solution is uniquely determined by the derivatives and the IC.

● In a supervised setting, we propose the following DERL loss:

● We will also see how to use DERL to transfer information and build physical models incrementally



Theoretical Results

● If the loss converges to zero            , the model converges to the solution

● Explicit bound on convergence + the final model also fulfills all the conditions of the PDE.

● DERL works with empirical derivatives.



Experiments: Learning Physical Systems

Learn the solution from a set of points and test the models on a finer grid to show generalization.

● We compare our methodology to:
○ OUTL, which learns directly u. 

○ OUTL+PINN, which learns u and the equation.

○ SOB, which learns a combination of u and its derivative.

● We measure:
○ The distance to the true solution.

○ The PDE residual (as in PINNs).

Czarnecki et al., Sobolev training for neural networks, NeurIPS 2017





Learning Physics: In-domain generalization





Learning Physics: Generalization to New Parameters

We consider the damped pendulum equation. 

● The models predict the entire trajectory given the initial conditions. 

● We train on 30 trajectories, validate on other 10 and test on 10 unseen ICs.







Transferring Physical Systems

● A PINN is trained on the whole domain (teacher).

● Student models learn the IC, BC, and the teacher’s derivatives (or outputs).

● Korteweg-de Vries equation: 

● We analyze the effect of higher-order derivatives.





Building Physical Models Incrementally

We employ DERL to develop a new methodology to train physical models incrementally.

1. Train a PINN on a sub-domain. 

2. Collect samples of its outputs and derivatives.

3. Train a new model with a loss that combines a new PINN and distillation.

More results on knowledge distillation and higher-order derivatives in the paper.



Example - Incremental Space Domain Pipeline



Building Physical Models Incrementally

Three experiments:

● Larger time horizon.

● Larger domain space.

● New parameters.

We compare to: 

● PINN on the entire domain,

● PINN trained incrementally with no distillation

● PINN trained incrementally with experience replay.



Results
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